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Abstract—This paper relaxes the restrictive symmetry con-
ditions adopted in [4], [5] and extends their universal feature
selection framework to accommodate noisy observations as well
as attribute structures that may exhibit directional preferences.
We introduce the notion of weak spherical symmetry, quantified
by second-moment distances, which allows controlled deviations
from rotational invariance. Under this relaxed condition, we
develop a universal feature selection framework based on the
singular value decomposition of the canonical dependence matrix
computed from noisy data. QOur main result shows that the
selected features achieve asymptotically optimal error exponents
up to a residual term that depends on the symmetry deviation
0 and the noise levels 71, 72. When 6, 71,72 are relatively small,
our result recovers that of [S], thereby demonstrating that exact
spherical symmetry is unnecessary. Overall, our findings high-
light the robustness of the selection framework against second-
moment deviations and observation noise, thereby broadening
its applicability across diverse inference tasks and providing
a theoretically grounded tool for universal feature selection in
practical scenarios.

Index Terms—Universal feature selection, machine learning,
statistical inference, weak spherical symmetry, local information
geometry.

I. INTRODUCTION

Feature selection is a fundamental task in machine learning
and statistical inference [1]. Extracting relevant features retains
useful information and removes redundancies, thus improving
the explainability, computational efficiency, and predictive
accuracy in large-scale data analysis [2], [3].

While task-specific features can be obtained with suffi-
cient domain knowledge, a more ambitious goal is to extract
universally effective features that remain applicable across a
diverse range of tasks. Recent work by [4, Theorem 1] and
[5, Section 5.4] operates within the Markov chain framework
U X &Y <V, focusing on the use of features derived
from the observed variables X and Y to infer the latent
attributes U and V. Under the assumption that the attribute
structures exhibit no directional preference—i.e., it satisfies
spherical symmetry [6], [7]—they establish a universal fea-
ture selection framework characterized by the singular value
decomposition (SVD) of the canonical dependence matrix. The
framework thus operates without any prior knowledge of latent
attributes, rendering it suitable for diverse domains such as
representation learning and multi-task learning [8], [9].
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This paper addresses more practical scenarios where at-
tribute structures may have directional preferences and only
noisy observations X and Y are accessible. By introducing
weak spherical symmetry and demonstrating its practical sig-
nificance, we develop a universal feature selection framework
that extends the results of [4, Theorem 1] and [5, Section 5.4]
to noisy observations. Moreover, we show that our result
recovers theirs as a special case, confirming that the proposed
weak symmetry condition is sufficient for their results.

The main contributions of this paper are as follows:

o A formal definition of d-spherical symmetry (Defini-

tion 2) with its motivation and practical justifications.
o A universal feature selection framework with noisy ob-
servations and §-spherical symmetry (Theorem 3).

o A demonstration that our result recovers [5, Proposi-
tion 5.10] as a special case (Remark 1), illustrating the
sufficiency of the proposed condition.

II. PRELIMINARIES

Throughout this paper, we consider only discrete random
variables with finite alphabets. For a matrix A, denote by
||A||r its Frobenius norm and A, ; its (¢,7)-th entry. Let 4
denote equality in distribution.

We begin with some concepts in local information geometry.
Let Z be a random variable over alphabet Z with distribution
Py. Let PZ be the space of distributions on Z, and rel(P#)
be the subset of strictly positive distributions. Given ¢ > 0,
define the e-neighborhood of Py € rel(P?) as

2,

P(z) — Pz(2))
(P _ {P Z . (
Nz(Fz) €7 ZEZZ Pz(z)
A random variable W is an e-attribute of Z, if for any w €
W, Pziw(- | w) € N5(Pz). Each e-attribute W of Z is
characterized by its configuration
C5(Ps) = {W, {Pu(w),w € W}, {Pr (- | w),w € W},
Define the information matrix ®%'" such that
zw _ 1 Prw(zi | wj) — Pg(zi)
“J € Pz(ZZ>

The j-th column of &%/ denoted as d)il,w, is called the
information vector corresponding to w;. For k € Z*, given
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normalized feature functions h* = (hy,--- , hy)T : Z — RF
(.e., E[h*(Z)] = 0 and E[R*(Z)(h*(Z))"] = I), define
the corresponding feature vectors V7 < h; by ¥Z(z) =

VPz(z) hi(2),i=1,... k.

For a pair of random variables X and Y with alphabets X
and Y, respectively, set Kxy = min{|X|,|Y|}. Define the
canonical dependence matrix Bx y as
Px v (zi,y;) — Px(v;) Py (y;)

Px (z;)\/ Py (y;)
III. PROBLEM SETUP

(Bx,y)ji =

For random variables X, Y, [4, Theorem 1] and [5, Section

5.4] consider the Markov chain U Ei; X &Y @ V', where U
and V are the e-attribute of X and Y, respectively. Given i.i.d.
observations oV = (21, -+ ,2n), ¥V = (y1,--- ,yn) drawn
from Px y, the objective is to construct feature functions f k.
X — RF and ¢g* : ) — RF that enable inference of U and V.

However, in many practical scenarios, direct access to X
and Y is unavailable, providing only their noisy counterparts.
This motivates us to consider the following generalized model,

(e) (e)

U X Y 1%
Tl g
X Y

where X s Y are the noisy versions of X, Y over the same
alphabets X, ), and U, V are the e-attributes of X, Y,
respectively, each characterized by configurations C5 (Px ) and
C;,(Py). Similarly as in [5], we assume the collection of these
configurations are equipped with probability measures p;; and
v, respectively. The noisy channels X — XandY — Y are
assumed to have the following transition probability matrices:

PY\Y =1+ UQTYly, 2)
for some 77,72 > 0, where each column of TX| y and
Ty, sums to zero. For k € {1,...,Kxy — 1}, select
normalized feature functions f* : X — RF and ¢*
Y — Rk Suppose #V = {#,...,4x} and gV =
{91,...,9n} are iid. samples drawn from Py y. Define
the statistics S* and 7% as the empirical expectations of
f¥(X) and ¢*(Y), respectively. The error probabilities for
inferring U from Sk V from S*, U from T k, and V from
T* are denoted by pU‘S(fk C%(Px)), V‘S(fk C5(Py)),
peU‘T(g’“,C}(PX)) and pV‘T( *.C$(Py)), respectively. The
(average) error exponents are then defined as follows:

E,., [logpl® (f*,C5 (Px))]

PX\X =1+ anX\X’

EVIS(f¥) = lim —

N—o00 N ’

o log p¥ 15 (£, C5(Py))]
VIS kY — Ty E,., [logpe YV Y

EXP() = Jim N ’

o E,., [logp? " (¢*,C5 (Px))]

U|T/, k ST _ kU X
ETg7) = Jim N ’
E,., [logpe " (4,05 (Py))]

EV‘T(gk) = lim —

N—oc0

=

This paper aims to seek features f* and g* that maximize the
above error exponents, thereby achieving universal effective-
ness across a diverse range of inference tasks.

Non-trivial probability measures py and py render the
information matrices ®*!V and ®Y!V random. For random
matrices, a notion of spherical symmetry (or rotational invari-
ance) has been defined [6], [7], which is widely regarded as
an extension of isotropy [10, Section 3.2.2].

Definition 1 (Spherical symmetry): A random matrix A €
R™>™ is spherically symmetric, if for any deterministic or-
thogonal matrices Q1 € R™*™ and Q; € R™*™, we have
QTAQ, =

In the absence of prior information about U and V, [3,
Section 5.4] assumes that py and py have no directional
preference, i.e., ®XIV and &YV are spherically symmetric.
Notice that setting ; = 1 = 0 yields X=X,V =Y,
thereby the system (1) boils down to the original Markov chain
where X, Y are respectively replaced by X, Y, e,

(e) (e)

U X Y

V. 3)

The result of [5, Proposition 5.10] is reformulated below in
Theorem 1 using our notation.

Theorem 1 (Huang et al. 2024): Consider the Markov chain
(3). For k € {1,...,Kxy — 1}, select normalized feature
functions f* : X — R¥ and ¢* : ) — R*. Assume under each
probability measures, both ®XIV and ®YIV are spherically
symmetric. Then,

(EVIS(r4), EV'S(f’“) EVIT(gh), EV1T(g")) <

a “

(Cu€’k, Cye? Zal, Cyé? 20?7 Cve’k) +o(€%),

i=1 i=1
as € — 0, where Cyy and Cy are positive constants indepen-
dent of ¢, k or PX ¢» and o; is the i-th largest singular value of
By Xy Moreover, the equality holds when the feature vectors
corresponding to f; and g; are precisely the right and left
singular vectors of B ¢ v corresponding to o;, respectively.

IV. UNIVERSAL FEATURE SELECTION FRAMEWORK

While it is natural to assume that the distributions of ®X1V
and @YV exhibit no directional preference, the following
lemma shows that exact spherical symmetry is rather restrictive
and therefore challenging to achieve.

Lemma 2: Let A be a random matrix. If A is spherically
symmetric, then,

(1) 0-mean: E[A] = 0, 5.

(2) Identical distribution: For any i, j,k,1, A; ; 4 Ap.

(3) Uncorrelated: For (4, j) # (k,1), Cov(A; ;, Ak,;) = 0.
Proof: In Definition 1, setting Q, = —1I,, Q2 = I,,,, we

have E[A] = 0,,x,. Forany i, j, k, [, setting Q1 = Q%, Q2 =

Qi to be the permutation matrices, we have A; ; 4 Ap .

Setting Q; = D! € R™*", the diagonal matrix whose i-th

diagonal entry is —1 and the rest are 1, and Q2 = I,,,, we have

Vi # k, E[A; Ay, = 0. Similarly, Vj # I, E[A; ; As] = 0.

We then derive Cov(A; ;, A ;) =0,Y(3,7) # (k,1). [ |



Given a random variable Z and € > 0, assume W is an e-
attribute of Z. Then, for any w € W, Py w (- | w) € N5(Pz).
Expanding the log-likelihood ratio gives

PZ\W(le)_e w(2) _i Dw(z) |2 o
SR o ML W Ul

where ¢,, denotes the information vector corresponding to w.
For any smooth one-parameter family {w(6)} passing through
w at # = 0, the score function [11, Section 11.10] satisfies
/
= 67¢W(2) + O(e?),
Py (2)

where ¢!, denotes the derivative of ¢,, in the direction of
the parameter. Accordingly, the Fisher information becomes
1(0) = €[|¢!,||> + O(e®). Hence, as ¢ — 0, the term ||¢,, ||*
dominates the Fisher information and, by the Cramér—Rao
lower bound [11, Section 11.10], governs the mean-square
error of estimation. Notice the behavior of ||¢/ ||*> under
rotations, in terms of its contribution to the Fisher information
and hence to the error probability, is entirely determined by
the second-moment structure of ¢,,. This observation implies
that, in the local regime, imposing spherical symmetry can
be reduced to a second-moment symmetry condition on the
random matrix. The sufficiency of this condition is further
illustrated in Remark 1.

Definition 2 (Weak spherical symmetry): For random matri-
ces X,Y € R"™™, define a second-moment distance as

0
5g o8 P 1w )|

D(X,Y)= sw [E[w"Xv)] - E[w"Yv)?]|.
weR™,||ul|=1
veER™ ||v]|=1

Given 6 > 0, a random matrix A € R™*™ is §-spherically
symmetric, if for any deterministic orthogonal matrices Q1 €
R™" and Q2 € R™*™, we have D(QT AQ, A) < 6.

While exact spherical symmetry trivially implies d-spherical
symmetry, the latter serves as a more practical and general
relaxation, as illustrated below.

Example 1: Given 0 < |02 — 1] < 4. A random matrix
A € R**? has independent entries A;; ~ N(0,0?%) and
Aq9,A91,A29 ~ N(0,1). Then, A is d-spherically sym-
metric, but not exactly spherically symmetric.

Proof: Selecting unit vectors u = (uy,uz)’ and v =
(v1,v2)T, we have E[(uTAv)?] = 1 + (02 — 1)u?vi. For
any orthogonal matrices Q; and Qy € R?*2, setting Q u =
(ﬁl,ag)T, QQ’U = (’171,’{)2)T, we have E[(UTQITAQQU)Q} =
1+ (02 — 1)a293. Then,

D(QTAQs, A) = |(0® — 1)(afo} — ujo?)| < [o® — 1] < 6.

which indicates A is J-spherically symmetric. The fact that
A is not exactly spherically symmetric follows immediately
from Lemma 2 (2). [ |

In scenarios where no prior information about U and V is
available, it is natural to assume the attribute structures satisfy
d-spherical symmetry, with a deviation bound § > 0 which
can be chosen task-dependently; that is, the attribute structures
may exhibit directional preference, but not excessively.

The main result of this paper is the following theorem,
which extends the universal feature selection framework of
[5, Section 5.4] to more general scenarios, allowing directional
preference in attribute structures and noise in observed data.

Theorem 3: Consider the generalized model (1), in which
X and Y are generated via the channel (2) characterized by
m, n2. For k € {1,..., Kxy — 1}, select normalized feature
functions f* : X — RF and ¢* : Y — RF. Given § >
0, assume under each probability measures, both ®XIU and
&YV are §-spherically symmetric. Then,

(EU|§(fk)7EV|S‘(fk)’EU\T(gk)7EV\T(gk>) <

k k
(C’Uer7 Cyé? Z of,Cyé Z ol CVGQk) + R(e, 8,m1,7m2),

i=1 i=1
@)
as € — 0, where

R(e,6,m1,m2) = 0(62 ~max {0 41 + 011,06 + 12 + 5772})7

and Cy and Cy are positive constants independent of e, 4,
N1, 12, k or Py 4, and oy is the i-th largest singular value of

By y-. Moreover, the equality holds when the feature vectors
corresponding to f; and g; are precisely the right and left
singular vectors of B Xy corresponding to o;, respectively.

Remark 1: According to Theorem 3, if 4,771,772 = o(1) as
e — 0, we have R(€,8,1m1,m2) = o(e?). Then, (5) reduces
to (4), which indicates that the features selected above are
asymptotically optimal and robust to the symmetry deviation
0 and noise 71, 12. Specifically, setting 771 = 12 = 0, (1) boils
down to (3). Therefore, Theorem 3 recovers [5, Proposition
5.10] (Theorem 1), which reveals that the exact symmetry
condition is unnecessary in this proposition, and a relatively
small directional preference § = o(1) is tolerable. This
observation further implies that the second-moment symmetry
condition is sufficient for the validity of the original result.

We shall require the following lemma on binary hypothesis
testing, which is proved in [5, Lemma 4.12].

Lemma 4: Given a random variable Z and € > 0, assume
W is an e-attribute of Z. For any wy,ws € W, let 2V =
{#1,...,2n} bei.i.d. samples drawn from either Py (- | w1)
or Pz (- | w2). For normalized features h* : Z — R, define
feature vectors ij < hj,j=1,---,k, and statistics 1¥ as the
empirical expectation of h* under 2V. Let p, denote the error
probability in deciding whether the generating distribution is
Pziw (- | w1) or Pzw (- | we). Then,

k
B IOgPe 62
DA AN AR GOl

MATN 8
j=1

The following lemma reveals a useful property of &-
spherically symmetric distributions.

Lemma 5: Given 6 > 0, let A € R™*™ be a J-spherically
symmetric random matrix. Then, for any deterministic matri-
ces G € R"**1 and H € R™**2_ there exists a constant C
independent of § such that

1
E[IGTAH|] - —|GIR|HIFE[| AJ}]| < €.



Proof: Let g;, h; be the ith, jth column of G H,
respectively. Then, ||GTAHHF sk ZJ (g AR )%
Setting Householder matrices Q,, € R™*" and Qn, € Rme
such that Qg,9; = |giller, Qn,h;j thHel, we have
E[(67@n))?] = 2 1hs]12 E[(cTQL AQp,e1)?]. By Def-
inition 2, )E[(e? ;{,Athel)Q] - [A%l]‘ < 4. Therefore,

[E[IGTAH|}] - |GIE | HIEE[A3,]|

ki1 ko

<305 gl e 2B [T

i=1 j=1

<|GlIH|Fo.
Moreover, setting Q1 = P s, Q2 = Py ; to be the permutation
— E[A%l}‘ < 4. Hence,

TAQu )] -E[4}]| ©

matrices, we have ‘]E[Ait]

1
| IGIHIHIFE] AlI}] - | GIFIEIELAT |

S (a2 -Blaz,))| O

s=1t=1

<IGIIEI|

<|GI%IH|E.
Combining (6), (7) and the triangle inequality, we have

EllGTAHIE) - —|GIRIHIRE] AlR)| < 05
where C' = 2||G||%||H||% is independent of §. [ ]

The following lemma demonstrates that the weakly spheri-
cally symmetric properties remain preserved under left multi-
plication by a deterministic matrix.

Lemma 6: Given 0 > 0, let A € R™*™ be a J-spherically
symmetric random matrix, and B € R™*™ be a deterministic
matrix with singular values oy > --- > ¢, > 0. Then, BA is
’y—spherlcally symmetric, where v = (o + 8)(0% —a2) + 026
with o — EllAIE]

mn

Proof. For unit vectors z € R™ and y € R™, define

=E[(z" Ay)?], a= u

mn

f(z,y)

Since A is J-spherically symmetric, for any unit vectors
xz,y, 2 ,y, we have |f(ac, y)— f(a, y’)| < 4. Hence all values
of f lie in an interval of length at most §. Moreover,

a=Eyy[f(UV)],

where U and V' are independent uniform unit vectors, because
E[UUT] = I,,/n and E[VVT] = I,,/m. Therefore, « lies in
the same interval, and |f(z,y) — of < 6.
For BTu # 0, let

- BTy
U= ———r.
1B ul|
Then
E[(u"BAv)?*] =u"BB"u- f(i,v). (8)

If BTy = 0, the original quadratic form vanishes; this case
can be handled separately or by continuity and does not affect
the final bound.

For any orthogonal matrices Q1 € R™*™ and Q4 € R™*™,
let 4 = Qiu, © = Qquv. If BTa # 0, let
BT

BT al

S0

Then,
E[(a"BA?)?] = a"BB - f(4,9) = v QT MQ1u- f (1, ),
where M = BB™.

Consider A = |IE
ing (8), we obtain

A=W QIMQuu) - f(i8) — (u"Mu) - f(@,v)].
By the triangle inequality,
+|f(@,0)] - [T QT MQiu — u” Mul.

(4T BA®)?] — E[(uT BAv)?]|. Substitut-

(fhﬁ)_f(’&'av)lgé’ f(ﬂ,v)| a+o.
Since M = BB™, we have \yax (M) = 02, Apin(M) = 02.
Therefore,
W'QTMQiu < of,
and

[u' QT MQu—u"Mu| <o} -0}
Combining these results gives
A <ofd+(atd)(of —op) = (a+d)(o]

Taking the supremum over all unit vectors u, v and all orthog-
onal matrices @1, Q2, we obtain

D(QTBAQ., BA) < .

—on)+oib =~

Thus, B A is ~y-spherically symmetric. [ ]

Remark 2: Lemma 6 provides an upper bound on the
symmetry deviation of B A. To verify its validity, first suppose
B =1,, then BA 4 A, and by Lemma 6, we obtain v = 4.
Next, assume A is exactly spherically symmetric, i.e., § = 0.
In this case, Lemma 6 gives v = (07 — 02)a, showing that
the symmetry deviation of B A arises solely from the range
among the singular values of B.

Applying Lemma 6 yields the following lemma.

Lemma 7: Given § > 0, assume both XU and &YV
are §-spherically symmetric. Suppose X and Y are generated
via the channel (2) characterized by 71, 72. Then, ®X1V is ;-
spherically symmetric, and @Y1V is ~y5-spherically symmetric,
where v1 = O(d +1m1 + 0m1), Y2 = O(5 + 12 + dna2).

Proof: Define the matrix B x.x such that

PX,X(%’@J‘)
VPx(@:)\/Ps(3;)
Since U <> X < X forms a Markov chain, for any u €
U, we have PX‘U(;% | u) =, PXlX(i | x)PX‘U(xA| u),
and PX(A) 52, Py (& | @)Px (). Accordingly, ¢q ' =
By g ¢u”. Thus, @1V = By ¢ - @IV,

(Bx x)ii =



Let Dx, Dy be the diagonal matrices with entries Px (),
Py (), respectlvely Since By ¢ = D_l/2PX‘XD1/2 and
BT = D_l/ZlexDl/ the matrix B B
to PX‘ xPx|x- thus has the same elgenvalues

According to (2), we have Dy = Dx + 0(771) Then, the

1s similar

reverse channel matrix Py ¢ = DXPngDX =TI+0(m).
Thus, PX|XPX|X =TI+0(m). Let P’ = PX|XPX|X Since

both Py %X and P x| % are column-stochastic matrices, their
product P’ is still column-stochastic. Since p(P’) < || P’||; =
1 and (P")T1 = 1, we have Apox (P’) = 1. In addition, P’ =
I+0(n) gives Apin(P’) = 1—0O(n1). Then, dex(BXX) -
O'im(BXJg) = O(n). By Lemma 6, ®XIU is ~,-spherically
symmetric where v; = O(§ + 11 + ).

The proof for ®Y 1V is similar. [ ]

Markov chain U < X « Y <« V implies YV =
Bxy®XIU and ®XIV = BT ,.®Y!V. The following lemma
reveals analogous results for the generalized model (1).

Lemma 8: In the generalized model (1), suppose X,V are
generated via the channel (2) characterized by 7;, 72. Then,

o'V = By y @tV +0(m), @*1 = BY @7V +0(n2).

Proof: The channel (2) gives Py (& | z) =1+ O(m).
Since U +» X <+ Y forms a Markov chain, for any v € U,

Z y\Xy|xPX\U(x|u)

= ZPY\X g1 2)Pg (& [ u) + O(m).

Py (@

Then, the information vector d);/ v _ B, v UX‘U + O(m).
Hence, Y1V = BXA%I’X'U + O(m).

The second equality can be verified in the same way. M

Proof of Theorem 3: The proof largely follows the lines

of the proof of [5, Proposition 5.10], with the incorporation

of Lemma 4 and modifications based on Lemmas 5, 7, and 8.

For pU‘T(gk,CfY(PX)), setting C5 (Px) = C, we have

o tloepd T o) togpt T (g* upug)
N—o0 N N—o0 N
)]
2 F N
YU ViU
=5 2ol = ol )2+ o(e), (10)
Jj=1
where 1) to obtain (9), we have used pe uIr (g%, u,u’)

to represent the pairwise error probability for distinguish-
ing v and u' based on T*, and defined (ub,ul) =
arg max(uaufc)pg‘T(gk,uc,ué) as the least distinguishable
hypothesis pair in C; 2) to obtain (10), we have applied
Lemma 4, with %Y denoting the corresponding feature vector

of gj,7 = 1---, k. Thus, the error exponent in decisions for
U based on T is derived by

- logp? T(gh,C5(Px))
Ut _ X
70 =, s UL
g (@) 0 (e —e,)[5] +ole) (12
8 12294 u u* F
2 . _ N
_ %EMU () By 3 @51 ey — e, 3] + Ome?)
(13)
E,., |17
k
< Cye®> o} + R(e,6,m1,m2), (15)

i=1

where 1) to obtain (12) we have invoked (10), with (u*, u*/)
denoting the least distinguishable hypothesis pair in each
configuration C%(Px), and ¥Y = (¢, - 40); 2) to
obtain (13) we have employed Lemma 8; 3) to obtain (14)
we have used Lemma 5 and Lemma 7, with 7(¢,d,m1) =
O((6 + m + dm)e?); 4) to obtain (15) we have defined
E. [19%17)2
YT X N
bound of H(\IIY)TBxyHi is attained by choosing WY as the
corresponding left singular vectors of B ¢ v [12, Corollary
4.3.39]. ’

The error exponent in decisions for U based on S* can be
derived in a similar way:

the constant Cyy = , and noted that the upper

log V1% (£*, €5, (Px))

US4 = iy ~PLERD)
e X\THX|U 2 2

= SEu || (#8505 (e, —eu) 7] +o(e)  aD)
By [l0X)2] L

< Cue’k + R(e,8,m1,12) (19)

where to obtain (18) we have used Lemma 5 and Lemma 7.
The proofs for EV‘S(fk) and EVIT(g*) are symmetric to
EUIT(g*) and EVI5(f*), respectively.
The proof is then completed. [ ]

V. DISCUSSION

Considering the generalized model (1), we construct fea-
tures solely from the noisy observations X and Y to perform
inference tasks concerning the latent attributes U of X and
V of Y. We formally introduce the notion of d-spherical
symmetry (Definition 2) and elucidate that second-moment
conditions play a central role in the proposed problem. In
the absence of prior knowledge about the attributes, it is
natural to assume that the underlying information structures
satisfy d-spherical symmetry, which permits the second mo-
ment to exhibit a certain degree of directional preference,
yet not excessively so. Under this relaxed condition, we



develop a universal feature selection framework that extends
[5, Proposition 5.10] to more general scenarios (Theorem 3).
We further demonstrate that our result recovers theirs as a
special case when 77 = 7o = 0 and 6 = o(1) as ¢ — 0
(Remark 1), thereby revealing that exact rotational invariance
is not necessary for the original proposition; a relatively small
directional preference is tolerable.

Generally, if §,1m1,m12 = o(l) as € — 0, the residual
term in (5) satisfies R(e,d,m1,7m2) = o(€?). Accordingly,
the features obtained via the singular value decomposition
of B %y achieve asymptotic optimality in the local regime.
For cases where the parameters §,7;,72 are not relatively
small (e.g., are of order O(1)), the proposed universal feature
selection framework remains meaningful: the error bound
is then governed by the residual term R(e, d,7;,72), which
depends explicitly on §, 11, and 7. This demonstrates that
the framework is robust against both symmetry deviation ¢
and observation noise 11, 72, as the error bound remains well-
controlled even when these parameters are not vanishingly
small. Moreover, the framework requires no prior knowledge
of the latent attributes, rendering it applicable to a variety
of domains where the attribute distributions are unknown or
undetermined a priori. In summary, our framework extends to
a broad class of approximately symmetric and noisy environ-
ments across a diverse range of inference tasks. We believe
this work provides a robust, theoretically grounded tool for
universal feature selection in practical, imperfect data settings
within machine learning and statistical inference.

REFERENCES

[1] 1. Guyon and A. Elisseeff, “An introduction to variable and feature selec-
tion,” Journal of machine learning research, vol. 3, no. Mar, pp. 1157—
1182, 2003.

[2] E. Kamalov, H. Sulieman, A. Alzaatreh, M. Emarly, H. Chamlal, and
M. Safaraliev, “Mathematical methods in feature selection: A review,”’
Mathematics, vol. 13, no. 6, pp. 996, 2025.

[3] G. Li, Z. Yu, K. Yang, M. Lin, and C. L. P. Chen, “Exploring feature
selection with limited labels: A comprehensive survey of semi-supervised
and unsupervised approaches,” IEEE Transactions on Knowledge and
Data Engineering, vol. 36, no. 11, pp. 6124-6144, 2024.

[4] X. Xu, S.-L. Huang, L. Zheng, and G. W. Wornell, “An information
theoretic interpretation to deep neural networks,” Entropy, vol. 24, no. 1,
pp. 135, 2022.

[5] S.-L.Huang, A. Makur, G. W. Wornell, and L. Zheng, “Universal features
for high-dimensional learning and inference,” Foundations and Trends in
Communications and Information Theory, vol. 21, no. 1-2, pp. 1-299,
2024.

[6] M. A. Chmielewski, “Elliptically symmetric distributions: A review and
bibliography,” International Statistical Review / Revue Internationale de
Statistique, pp. 67-74, 1981.

[7]1 A. P. Dawid, “Spherical matrix distributions and a multivariate model,”
Journal of the Royal Statistical Society Series B: Statistical Methodology,
vol. 39, no. 2, pp. 254-261, 1977.

[8] Y. Bengio, A. Courville, and P. Vincent, “Representation learning: A
review and new perspectives,” IEEE Transactions on Pattern Analysis
and Machine Intelligence, vol. 35, no. 8, pp. 1798-1828, 2013.

[9] R. Caruana, “Multitask learning,” Machine learning, vol. 28, no. 1,
pp. 41-75, 1997.

[10] R. Vershynin, “High-dimensional probability,” University of California,
Irvine, vol. 10, no. 11, pp. 31, 2020.

[11] T. M. Cover and J. A. Thomas, Elements of Information Theory, John
Wiley & Sons, 2012.

[12] R. A. Horn and C. R. Johnson, Matrix analysis, Cambridge University
Press, 2012.



