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Abstract—The classical information bottleneck (IB) measures
the relevance of a representation to the target by their mutual
information, which does not directly characterize the error of
downstream decisions. For a binary hypothesis inferred from
many separately encoded observations, the optimal error expo-
nent is the Chernoff information between the two conditional
distributions of the representation. We study the Chernoff bot-
tleneck with a mutual information constraint, which maximizes
this Chernoff information over encoders with bounded mutual
information between the representation and the observation.
We show that the optimal exponent increases strictly with
the rate up to the entropy of the statistic that merges the
observation symbols with equal likelihood ratio, remains at the
uncompressed exponent beyond, and, unlike the IB curve, need
not be concave. We prove a cardinality bound of k + 1 on the
representation, where k is the number of distinct likelihood ratios.
We propose an alternating algorithm that updates the encoder
via a generalized Blahut–Arimoto algorithm and the Chernoff
parameter via a nonlinear equation, and prove that its iterates
remain feasible, with nondecreasing and convergent Chernoff
information. Numerical experiments confirm the theory, and in
topic detection on 20 Newsgroups, compressing each word to 17%
of its entropy retains 90% of the error exponent and nearly the
uncompressed accuracy. The full version is available at [1].

Index Terms—Information bottleneck, Chernoff information,
hypothesis testing, cardinality bound, alternating optimization

I. INTRODUCTION

Representation learning [2] aims to learn compact represen-
tations of raw data that make downstream tasks, such as infer-
ence and prediction, more effective [3]–[8]. The information
bottleneck (IB) [9] seeks a representation U that preserves the
information relevant to a target Y while discarding redundancy
of the observation X , trading off maximizing I(U ;Y ) against
minimizing I(U ;X). It has been used both to analyze deep
neural networks and as an objective for learning robust,
generalizable representations [10]–[16].

However, I(U ;Y ) does not directly characterize the error
of downstream decisions. When Y ∈ {0, 1} is inferred from
the outputs U1, . . . , Un of the same encoder PU |X applied
to observations X1, . . . , Xn i.i.d. given Y , the minimum
Bayes error decays exponentially in n, with optimal exponent
equal to the Chernoff information C(PU |0, PU |1) for every
prior with full support [17]–[19]. Unlike I(U ;Y ), it does not
depend on the prior, and an IB-optimal encoder need not be

optimal for testing. This motivates the mutual information (MI)
constrained Chernoff bottleneck

C(R) = max
PU|X

C
(︁
PU |0, PU |1

)︁
s.t. I(U ;X) ≤ R,

where samples are encoded separately, as by different sensors
or a per-sample feature extractor [20]–[22], not jointly as in
testing under communication constraints [23], [24].

The theory and algorithms of classical IB do not carry over
directly, since they rely on the IB loss I(X;Y ) − I(U ;Y )
being an expectation of a per-letter divergence, which yields
Blahut–Arimoto-type iterations [9], [25], [26], and on I(U ;Y )
being a probability-weighted sum over the outputs, which
underlies time-sharing and cardinality arguments [27]. The
Chernoff information has neither property: its optimization
over a parameter s couples all outputs. Our contributions are
as follows.

• Shape of the curve. C(R) is strictly increasing up to R =
H(V ), where V merges the symbols of X with equal
likelihood ratio, and equals the uncompressed exponent
beyond (Theorem 1), so every optimal encoder at R ≤
H(V ) uses the full rate (Corollary 1); unlike the IB curve,
C(R) need not be concave (Example 1).

• Cardinality bound. An optimal encoder exists with at
most k + 1 outputs, where k is the number of distinct
likelihood ratios (Theorem 2).

• Algorithm. An alternating algorithm updates the encoder
by a generalized Blahut–Arimoto algorithm, which con-
verges globally at rate O(1/t), and the parameter s by
solving a nonlinear equation (Algorithm 1). Its iterates
remain feasible, with nondecreasing and convergent Cher-
noff information (Theorems 3 and 4).

• Experiments. Computed curves confirm the theory
(Fig. 1), and in topic detection on 20 Newsgroups [28],
compressing each word to 17% of its entropy keeps
90% of the error exponent and nearly the uncompressed
accuracy (Fig. 2).

Section II formulates the problem, Sections III and IV study
the shape of C(R) and the cardinality bound, and Sections V
and VI present the algorithm and the experiments. Omitted
proofs and further details are in the full version [1].



II. PROBLEM SETUP

Let X and Y be random variables on finite alphabets X and
Y = {0, 1}, respectively, with PX(x) > 0, PY (y) > 0 for any
x, y, and write PX|y = PX|Y=y. Assume PX|0 ̸≡ PX|1 and

PX|0(x) > 0, PX|1(x) > 0, ∀x ∈ X . (1)

For distributions P0, P1 on a finite set U , the Chernoff infor-
mation [17], [18] is

C(P0, P1) = max
0≤s≤1

(︂
− log

∑︂
u∈U

P0(u)
sP1(u)

1−s
)︂
,

and denote by CX = C(PX|0, PX|1) > 0. All logarithms are
natural, and 00 = lim

s→0
0s = 0.

Given output alphabet UM = {1, . . . ,M}, an encoder
K = KU |X induces PK

U |y(u) =
∑︁

xK(u|x)PX|y(x), the
marginal PK

U , and the mutual information IK(U ;X). Define
the feasible encoder set K(M)

R as the set of such encoders
with IK(U ;X) ≤ R, its strictly positive subset K(M)

R,+ with
K(u|x) > 0 for all (u, x), and KR =

⋃︁
M≥1K

(M)
R . Define

BM (K, s)
∆
=

∑︂
u∈UM

PK
U |0(u)

sPK
U |1(u)

1−s, (2)

for any encoder K with output alphabet UM and s ∈ [0, 1]. The
Chernoff information of K and the MI constrained Chernoff
bottleneck are

C(K) = − log min
0≤s≤1

BM (K, s), C(R) = sup
K∈KR

C(K).

(3)
Clearly, C(0) = 0, C(R) is nondecreasing, and C(R) ≤ CX

by the data processing inequality of Chernoff information [29].
Let ρ(x) = PX|1(x)/PX|0(x) take the distinct values

ρ1, . . . , ρk, so that 2 ≤ k ≤ |X |, and let ν(x) = j if
and only if ρ(x) = ρj . Define V = ν(X), which merges
the symbols with equal likelihood ratio, and is the minimal
sufficient statistic of X for Y [18]. Moreover, H(V ) ≤ H(X),
with equality if and only if k = |X |. Let KV (u|x) = 1{u =
ν(x)} be the encoder that outputs V , KX be the identity
encoder that outputs X with no compression, and define
Γ

∆
= maxx max{ρ(x), ρ(x)−1} > 1.

III. GLOBAL SHAPE OF THE C(R) CURVE

The shape of C(R) is governed by V , as Theorem 1 shows,
whose proof relies on the following lemmas. Detailed proofs
of all lemmas are included in [1].

Lemma 1 (Sufficiency of V ): IKV (U ;X) = H(V ) and
Bk(K

V , s) = B|X |(K
X , s) for all s ∈ [0, 1]. In particular,

C(KV ) = CX .
Lemma 2 (Contraction): For any encoder K with output

alphabet UM and s ∈ [0, 1],

BM (K, s) ≥ B|X |(K
X , s). (4)

Moreover, if IK(U ;X) < H(V ), then the inequality (4) is
strict for every s ∈ (0, 1).

Lemma 3 (Time-sharing): Let K1,K2 be encoders with
output alphabets UM1

,UM2
, producing U1 and U2 from X ,

respectively. For θ ∈ [0, 1], let Q ∼ Bern(θ) be independent
of X , and let K be the encoder with output alphabet UM1+M2

producing U = U1 if Q = 1 and U = M1 + U2 if Q = 0.
Then, for any s ∈ [0, 1],

IK(U ;X) = θIK1
(U ;X) + (1− θ)IK2

(U ;X),

BM1+M2
(K, s) = θBM1

(K1, s) + (1− θ)BM2
(K2, s).

Theorem 1 (Saturation and strict monotonicity): C(R) is
strictly increasing on [0, H(V )], and C(R) = CX for every
R ≥ H(V ).

Proof: Let R ≥ H(V ). By Lemma 1, IKV (U ;X) =
H(V ) ≤ R, so that KV ∈ KR, and C(KV ) = CX . Hence
C(R) ≥ CX , while the data processing inequality gives
C(R) ≤ CX . Therefore C(R) = CX .

Let 0 ≤ R1 < R2 ≤ H(V ), and let K∗ ∈ KR1
with

output alphabet UM∗ attain C(R1), i.e., C(K∗) = C(R1) (the
existence of K∗ is guaranteed by Theorem 2). Write I∗ =
IK∗(U ;X) ≤ R1 < H(V ). By Young’s inequality,

BM∗(K∗, s) ≤
∑︂

u∈UM∗

(︁
sPK∗

U |0(u) + (1− s)PK∗

U |1(u)
)︁
= 1

for every s ∈ [0, 1], while BM∗(K∗, 0) = BM∗(K∗, 1) = 1.
If BM∗(K∗, s) ≡ 1 on [0, 1], we directly select s̄ = 1

2 .
Otherwise, mins∈[0,1]BM∗(K∗, s) < 1, then every s̄ ∈
argmins∈[0,1]BM∗(K∗, s) lies in (0, 1). In both cases, we
can select s̄ ∈ (0, 1) and

BM∗(K∗, s̄) = min
s∈[0,1]

BM∗(K∗, s) = e−C(K∗).

Moreover, since I∗ < H(V ), Lemma 2 gives BM∗(K∗, s̄) >
B|X |(K

X , s̄). Let K ′ be the encoder with output alphabet
Uk+M∗ given by Lemma 3, with K1 = KV , K2 = K∗ and

θ =
R2 − I∗

H(V )− I∗
∈ (0, 1].

By Lemma 1 and Lemma 3,

IK′(U ;X) = θH(V ) + (1− θ)I∗ = R2,

so that K ′ ∈ KR2
. Then,

e−C(R2) ≤ e−C(K′) ≤ Bk+M∗(K ′, s̄)

= θBk(K
V , s̄) + (1− θ)BM∗(K∗, s̄)

= θB|X |(K
X , s̄) + (1− θ)BM∗(K∗, s̄)

< BM∗(K∗, s̄) = e−C(R1).

Therefore, C(R2) > C(R1), which completes the proof.
Corollary 1 (Active rate constraint): For R ≤ H(V ), every

optimal encoder satisfies IK(U ;X) = R.
Proof: Suppose K is optimal at rate R with IK(U ;X) <

R. Since K ∈ KIK(U ;X), we have C(IK(U ;X)) ≥ C(R),
contradicting the strict monotonicity of C on [0, H(V )].

By time-sharing, the IB curve R ↦→ max{I(U ;Y ) :
I(U ;X) ≤ R} is concave, whereas C(R) need not be:

Example 1 (Non-concave C(R)): Let PY be uniform, X be
binary with PX|0 = (1 − a, a), PX|1 = (a, 1 − a), 0 < a ≤
10−3. Then C(R) is not concave on [0, log 2]. Proof in [1].



IV. CARDINALITY BOUND AND ATTAINABILITY

The supremum in (3) is over encoders with arbitrarily many
outputs. Theorem 2 proves the cardinality bound, and thereby
guarantees that an optimal encoder exists. Detailed proofs of
Lemmas 4 and 5 are included in [1].

Lemma 4 (Compactness and convexity): For any finite M
and R ≥ 0, the feasible encoder set K(M)

R is non-empty,
compact and convex.

Lemma 5 (Reduction to V ): For an encoder K̄ = K̄U |V
of V , let P K̄

U |y(u) =
∑︁

j PV |y(j)K̄(u|j) and IK̄(U ;V ) be its
mutual information under PV . Then:
1) For every encoder K of X with output alphabet UM , some

encoder K̄ of V with output alphabet UM satisfies P K̄
U |y =

PK
U |y for y ∈ {0, 1} and IK̄(U ;V ) ≤ IK(U ;X).

2) For every encoder K̄ of V , the encoder K(u|x) =
K̄(u|ν(x)) of X satisfies PK

U |y = P K̄
U |y and IK(U ;X) =

IK̄(U ;V ).
Theorem 2 (Cardinality bound): For every R ≥ 0,

C(R) = max
K∈K(k+1)

R

C(K),

and the maximum is attained by an encoder of the form
K(u|x) = K̄(u|ν(x)), where K̄ is an encoder of V with
output alphabet Uk+1.

Proof: For encoders K̄ of V , define BM (K̄, s) and C(K̄)

as in (2) and (3) with P K̄
U |y , let K̄(M)

R be the set of such
encoders with output alphabet UM and IK̄(U ;V ) ≤ R, and
let K̄R =

⋃︁
M≥1 K̄

(M)
R .

By Lemma 5, every K ∈ KR has some K̄ ∈ K̄R with
C(K̄) = C(K), and every K̄ ∈ K̄R lifts to K(u|x) =
K̄(u|ν(x)) in KR with the same output alphabet. Hence

C(R) = sup
K̄∈K̄R

C(K̄). (5)

Let K̄ ∈ K̄(m)
R with m ≥ k + 2, where, without loss of

generality, λu
∆
= P K̄

U (u) > 0 for all u, and let sK̄ minimize
Bm(K̄, ·). Write wu

∆
= P K̄

V |U=u and

ϕs(w)
∆
=

(︂∑︂
j

w(j)PV |0(j)

PV (j)

)︂s(︂∑︂
j

w(j)PV |1(j)

PV (j)

)︂1−s

.

Then P K̄
U |y(u) = λu

∑︁
j wu(j)PV |y(j)/PV (j), so that∑︁m

u=1 λuwu = PV , IK̄(U ;V ) =
∑︁m

u=1 λuD(wu∥PV ),

Bm(K̄, s) =
∑︁m

u=1 λuϕs(wu).

The m ≥ k + 2 vectors vu =
(︁
1, wu(1), . . . , wu(k −

1),D(wu∥PV )
)︁
∈ Rk+1 are linearly dependent, so there exists

non-zero c ∈ Rm such that
∑︁m

u=1 cuvu = 0. Thus,
m∑︂

u=1

cu = 0,

m∑︂
u=1

cuD(wu∥PV ) = 0,

and
∑︁m

u=1 cuwu(j) = 0 for all j, including j = k since
wu(k) = 1 −

∑︁
j<k wu(j). Hence λu(t)

∆
= λu + tcu

satisfy
∑︁m

u=1 λu(t)wu = PV and
∑︁m

u=1 λu(t)D(wu∥PV ) =
IK̄(U ;V ) for all t, while

∑︁m
u=1 λu(t)ϕsK̄ (wu) is affine in t.

Since c ̸= 0 sums to zero, it has entries of both signs. Let

t−
∆
= max

u:cu>0

(︁
− λu
cu

)︁
< 0, t+

∆
= min

u:cu<0

(︁
− λu
cu

)︁
> 0.

Then, λu(t) ≥ 0 for t ∈ [t−, t+], and at t ∈ {t−, t+}, some
λu(t) vanishes. Choose t0 ∈ {t−, t+} such that

m∑︂
u=1

λu(t0)ϕsK̄ (wu) ≤
m∑︂

u=1

λu(0)ϕsK̄ (wu) = Bm(K̄, sK̄),

and remove the outputs with λu(t0) = 0. The encoder
K̃(u|j) = λu(t0)wu(j)/PV (j) then has output alphabet Um̃
with m̃ ≤ m− 1, IK̃(U ;V ) = IK̄(U ;V ) ≤ R, and

C(K̃) ≥ − logBm̃(K̃, sK̄) ≥ − logBm(K̄, sK̄) = C(K̄).

Repeating this, every K̄ ∈ K̄R is dominated by an encoder
in K̄(k+1)

R , padded with unused outputs if needed. Hence the
supremum in (5) may be taken over K̄(k+1)

R , and it is attained
by some K̄∗, since this set is compact by Lemma 4 applied
to V and C is continuous.

By Lemma 5 and (5), K∗(u|x) = K̄∗(u|ν(x)) lies in
K(k+1)

R and C(K∗) = C(K̄∗) = C(R). Since K(k+1)
R ⊆ KR,

C(R) = C(K∗) = max
K∈K(k+1)

R

C(K).
Remark 1: By Lemma 5, C(R) depends only on PV,Y , so

compressing X is never better than compressing V .
Remark 2: Theorem 2 implies that to achieve C(R), it

suffices to set the cardinality M = k + 1 and seek

K∗ ∈ arg max
K∈K(M)

R

C(K). (6)

V. AN ALTERNATING OPTIMIZATION ALGORITHM

For R > 0 (since C(0) = 0) and any M (M ≥ k + 1
suffices), we seek (6) by minimizing BM (K, s) alternately
over the encoder K ∈ K(M)

R and the parameter s ∈ [0, 1].

A. Encoder Update

For s ∈ (0, 1) and any w(u) > 0, Young’s inequality gives

PK
U |0(u)

sPK
U |1(u)

1−s ≤ sw(u)PK
U |0(u)

+ (1− s)w(u)−
s

1−sPK
U |1(u),

with equality if w(u) =
(︁
PK
U |1(u)/P

K
U |0(u)

)︁1−s
. Fixing w(u)

by this equality condition at the current encoder K̃ ∈ K(M)
R,+,

we obtain BM (K, s) ≤ G(K)
∆
=

∑︁
u,x C

s
u,xK(u|x) for all K,

with equality at K̃, where

Cs
u,x = sw(u)PX|0(x) + (1− s)w(u)−

s
1−sPX|1(x). (7)

Since BM (·, s) is concave and positively homogeneous in K,
G is its tangent plane at K̃. Thus, the encoder is updated by

K̂ ∈ arg min
K∈K(M)

R

G(K), (8)

which is a rate–distortion problem with distortion Cs
u,x/PX(x)

[30], [31].



Since G is linear and K(M)
R is convex (Lemma 4), (8)

is a convex problem. We solve it through the Lagrangian
Lλ(K)

∆
= G(K) + λIK(U ;X), λ > 0, minimized over all

encoders with output alphabet UM . Its stationarity condition
K(u|x) ∝ PK

U (u) exp
(︁
− Cs

u,x/(λPX(x))
)︁

is a fixed-point
equation, since PK

U depends on K. As in the Blahut–Arimoto
algorithm [25], [26], alternately updating K and PU gives the
generalized Blahut–Arimoto (GBA) iteration

K(t+1)(u|x) ∝ P (t)
U (u) exp

(︂
−

Cs
u,x

λPX(x)

)︂
,

P
(t+1)
U (u) =

∑︁
xK

(t+1)(u|x)PX(x).

(9)

Since Cs
u,x/PX(x) depends on x only through ρ(x), every

iterate of (9) has the form K(u|x) = K̄(u|ν(x)), so the algo-
rithm effectively operates on V , consistent with Theorem 2.

Theorem 3 (Global convergence of GBA): If P (0)
U (u) > 0

for all u, then K(t) converges to a global minimizer of Lλ,
and, with the minimum L∗

λ attained at K∗, for every t ≥ 1,

0 ≤ Lλ(K
(t))− L∗

λ ≤
λ

t
D(PK∗

U ∥P
(0)
U ),

Lλ(K
(t))− L∗

λ ≤ λ logmax
u

P
(t)
U (u)

P
(t−1)
U (u)

.

Proof sketch: Iteration (9) alternately minimizes
Lλ(K) + λD(PK

U ∥PU ) over K and PU . Its exponential form
and joint convexity of D give Lλ(K

(t+1)) ≤ Lλ(K) +

λ
(︁
D(PK

U ∥P
(t)
U ) − D(PK

U ∥P
(t+1)
U )

)︁
for all K, so K = K(t)

gives monotonicity, and K = K∗ the bounds by telescoping
and one step.

The second bound is a computable stopping criterion. The
trade-off λ is found by bisection: let K(λ) be any minimizer
of Lλ, I(λ) ∆

= IK(λ)(U ;X), and G∗ the optimal value of (8).
Lemma 6 (Bisection): I(λ) is nonincreasing. If I(λ) ≤ R,

then K(λ) is feasible and 0 ≤ G(K(λ))−G∗ ≤ λ(R−I(λ)).
Moreover, there exists λ∗ < Γ/R with I(λ) > R for λ < λ∗

and I(λ) ≤ R for λ > λ∗.
Proof sketch: Adding the optimality conditions at λ1, λ2

gives monotonicity, and comparing K(λ) with a minimizer of
(8) gives the suboptimality bound. By Young’s inequality, G ≥
β

∆
=

∑︁
x PX|0(x)

sPX|1(x)
1−s > 0, while w(u), w(u)−

s
1−s ≤

Γ give G ≤ Γ for a constant encoder. Comparing with it, as
it has zero rate, gives λI(λ) ≤ Γ− β, hence λ∗ < Γ/R.

Hence the bisection on [0,Γ/R] keeps λ∗ in its bracket, and
every accepted encoder is feasible with certified suboptimality.

B. Parameter Update

For fixed K ∈ K(M)
R,+, define gK(s)

∆
= BM (K, s). Since

PK
U |y(u) > 0, a direct calculation gives

g′K(s) =
∑︂

u∈UM

PK
U |0(u)

sPK
U |1(u)

1−s log
PK
U |0(u)

PK
U |1(u)

,

g′′K(s) =
∑︂

u∈UM

PK
U |0(u)

sPK
U |1(u)

1−s
(︂
log

PK
U |0(u)

PK
U |1(u)

)︂2

.

If PK
U |0 ̸≡ PK

U |1, then g′′K > 0 on [0, 1], which implies g′K(s)
is strictly increasing. Moreover,

g′K(0) = −D(PK
U |1∥P

K
U |0) < 0, g′K(1) = D(PK

U |0∥P
K
U |1) > 0.

Hence the minimizer of gK(s) on [0, 1], denoted by s∗, is the
unique root in (0, 1) of the nonlinear equation

g′K(s) = 0, (10)

which can be found by bisection, Newton’s or Brent’s method
[32]–[34]. Furthermore, s∗ stays away from the endpoints.

Lemma 7 (Interiority): For K ∈ K(M)
R,+ with PK

U |0 ̸≡ P
K
U |1,

C(K)

log Γ
≤ s∗ ≤ 1− C(K)

log Γ
.

Proof sketch: Let ψK
∆
= log gK , which is convex by

the Cauchy–Schwarz inequality, with ψK(0) = ψK(1) = 0
and |ψ′

K(0)|, |ψ′
K(1)| ≤ log Γ, since the likelihood ratios of

U lie in [Γ−1,Γ]. Its tangent lines at s = 0 and s = 1 give
C(K) ≤ s∗ log Γ and C(K) ≤ (1− s∗) log Γ.

C. Monotone Convergence

Combining the two updates gives Algorithm 1.

Algorithm 1 Alternating algorithm for the Chernoff bottleneck
Input: PX|0, PX|1, PX ; M ; R > 0
Output: encoder K

1: Choose K(0) ∈ K(M)
R,+ with PK(0)

U |0 ̸≡ PK(0)

U |1 and s(0) ∈
(0, 1); set B(0) ← BM (K(0), s(0)) and l← 0

2: repeat
3: Compute Cs(l)

u,x from K(l) by (7)
4: K(l+1) ← K(l); λ← 0; λ← Γ/R
5: repeat
6: λ← (λ+ λ)/2; run (9) from K(l) to get K̂
7: if IK̂(U ;X) > R then λ← λ
8: else λ← λ
9: if G(K̂) ≤ G(K(l+1)) then K(l+1) ← K̂

10: until λ− λ is small
11: s(l+1) ← root of (10) for K(l+1)

12: B(l+1) ← BM (K(l+1), s(l+1)); l← l + 1
13: until |B(l) −B(l−1)| is small
14: return K(l)

Theorem 4 (Monotone convergence): In Algorithm 1, if (10)
is solved exactly, then, for all l ≥ 0, K(l) ∈ K(M)

R,+ and

e−C(R) ≤ B(l+1) ≤ B(l) ≤ B(0) < 1.

Hence, for l ≥ 1, C(K(l)) = − logB(l) is nondecreasing and
converges to a limit at most C(R), and s(l) ∈ [c/ log Γ, 1 −
c/ log Γ] with c = − logB(0).

Proof sketch: Line 9 and the positivity of (9) give
K(l+1) ∈ K(M)

R,+, and B(l+1) ≤ BM (K(l+1), s(l)) ≤
G(K(l+1)) ≤ G(K(l)) = B(l) by the optimality of s(l+1),
majorization, line 9 and tangency at K(l). Young’s inequality
gives B(0) < 1, feasibility gives B(l) ≥ e−C(R), and Lemma 7
bounds s(l).
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Fig. 1. C(R) for sources A–F. Dashed: CX . Dotted: H(V ) and H(X).
Dash-dotted (F): the chord from (0, 0) to (H(V ), CX).

TABLE I
SOURCES IN FIG. 1, WITH PY (0) = PY (1) = 1

2
.

PX|0 PX|1 k

A (0.4, 0.2, 0.2, 0.2) (0.2, 0.2, 0.2, 0.4) 3
B (0.5, 0.3, 0.2) (0.2, 0.3, 0.5) 3
C (0.5, 0.2, 0.2, 0.1) (0.1, 0.3, 0.3, 0.3) 3
D (0.3, 0.25, 0.25, 0.2) (0.25, 0.25, 0.25, 0.25) 3
E (0.2, 0.15, 0.15, (0.05, 0.075, 0.075, 4

0.1, 0.1, 0.1, 0.1, 0.1) 0.1, 0.1, 0.2, 0.2, 0.2)
F (1− 10−3, 10−3) (10−3, 1− 10−3) 2

VI. NUMERICAL EXPERIMENTS

A. The C(R) Curve

We compute C(R) for the six sources in Table I with
M = k+1 (Theorem 2), where F is the source of Example 1.
At each rate, we keep the best of several initializations of
Algorithm 1, including the time-sharing of KV and a constant
encoder. Fig. 1 confirms Theorem 1: C(R) increases strictly
up to H(V ) and equals CX beyond. For A, C, D and E, where
k < |X |, CX is already reached at H(V ) < H(X). The curve
of F lies below its chord, consistent with Example 1.

B. Application to Real Data

We detect the topic, rec.sport.hockey (Y = 0) or
sci.med (Y = 1), of a 20 Newsgroups document [28]
from its separately compressed words. With X the 1000 most
frequent training words, add-one smoothed PX|y and uniform
PY , we have k = 826, H(X) = 5.80 and CX = 0.158 nats.
We use Algorithm 1 with M = 16, far below k + 1 = 827,
and the MAP test on U1, . . . , Un. At R = 1 nat (17% of
H(X)) and 0.25 nat, the encoder keeps 90% and 47% of CX .
To test whether C(K) from the training data predicts the test
error, we draw words i.i.d. from the test frequencies, where
the empirical error exponent matches C(K) to within about
10% (Fig. 2(a)). On real test documents, whose words are not
i.i.d., the error decays more slowly, but at R = 1 it nearly
matches the uncompressed error (Fig. 2(b)).
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Fig. 2. Test error of topic detection from n words, each compressed to R
nats, versus the uncompressed naive Bayes classifier. (a) Words i.i.d. from
each topic’s test frequencies. (b) Words from each test document.

VII. CONCLUSION AND FUTURE DIRECTIONS

We studied the MI constrained Chernoff bottleneck, which
replaces the relevance I(U ;Y ) of the classical IB by the Cher-
noff information of the downstream binary test. Its curve C(R)
increases strictly up to H(V ) and equals the uncompressed
exponent CX beyond (Theorem 1), so every optimal encoder
at R ≤ H(V ) uses the full rate (Corollary 1). Unlike the IB
curve, C(R) need not be concave (Example 1). An optimal
encoder exists with at most k + 1 outputs, where k is the
number of distinct likelihood ratios (Theorem 2). Because the
Chernoff information is not a per-letter expectation, Algorithm
1 replaces BM (·, s) by a tangent-plane majorizer, minimized
by a generalized Blahut–Arimoto algorithm, and updates s by
a nonlinear equation, with feasible iterates and nondecreasing
and convergent Chernoff information (Theorems 3 and 4). The
computed curves confirm the shape of C(R) (Fig. 1), and, on
real data, a small fraction of the entropy keeps most of the
error exponent (Fig. 2).

Four directions remain open.

1) Global optimality. As minsBM (·, s) is concave in K, our
alternating algorithm (Algorithm 1) may stop at a local
optimum. Searching over encoders that randomly quantize
the likelihood ratio, or tracking the curve down from KV

at R = H(V ), may yield global optima.
2) Comparison with the IB. As the IB targets a single sam-

ple and the Chernoff bottleneck the error exponent, we
expect the IB to be better for small n and the Chernoff
bottleneck for large n, with a crossover that Pe(n) ≈
cKn

−1/2e−nC(K) [35] could locate.
3) Multiple hypotheses. For m hypotheses, the Bayes expo-

nent is the minimum pairwise Chernoff information [36],
leading to a max–min Chernoff bottleneck.

4) Neural encoders. The tangent-plane majorizer is an expec-
tation over (X,Y ), so a neural encoder can be trained by
stochastic gradients with a variational bound on I(U ;X)
[12], extending the Chernoff bottleneck to continuous data.

By judging a representation by how fast the downstream
error decays, rather than by an average measure of relevance,
the Chernoff bottleneck offers a principled criterion for learn-
ing compact representations for inference, and we hope this
work lays a foundation for its further study.
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